The densest local packings of N three-dimensional identical nonoverlapping spheres within a radius R min (N ) of a fixed central sphere of the same size are obtained for selected values of N up to N = 1054. In the predecessor to this paper [A.B. Hopkins, F.H. Stillinger and S. Torquato, Phys. Rev. E 81 041305 (2010)], we described our method for finding the putative densest packings of N spheres in d-dimensional Euclidean space R d and presented those packings in R 2 for values of N up to N = 348. We analyze the properties and characteristics of the densest local packings in R 3 and employ knowledge of the R min (N ), using methods applicable in any d, to construct both a realizability condition for pair correlation functions of sphere packings and an upper bound on the maximal density of infinite sphere packings. In R 3 , we find wide variability in the densest local packings, including a multitude of packing symmetries such as perfect tetrahedral and imperfect icosahedral symmetry. We compare the densest local packings of N spheres near a central sphere to minimal-energy configurations of N +1 points interacting with short-range repulsive and long-range attractive pair potentials, e.g., 12−6 Lennard-Jones, and find that they are in general completely different, a result that has possible implications for nucleation theory. We also compare the densest local packings to finite subsets of stacking variants of the densest infinite packings in R 3 (the Barlow packings) and find that the densest local packings are almost always most similar, as measured by a similarity metric, to the subsets of Barlow packings with the smallest number of coordination shells measured about a single central sphere, e.g., a subset of the FCC Barlow packing. Additionally, we observe that the densest local packings are dominated by the dense arrangement of spheres with centers at distance R min (N ). In particular, we find two "maracas" packings at N = 77 and N = 93, each consisting of a few unjammed spheres free to rattle within a "husk" composed of the maximal number of spheres that can be packed with centers at respective R min (N ).
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I. INTRODUCTION
A packing is defined as a set of nonoverlapping objects arranged in a space of given dimension d. One packing problem in d-dimensional Euclidean space R d that has not been generally addressed is that of finding the maximally dense (optimal) packing(s) of N nonoverlapping d-dimensional spheres of unit diameter near (local to) an additional fixed central sphere such that the greatest radius R from any of the surrounding spheres' centers to the center of the fixed sphere is minimized. This problem is called the densest local packing (DLP) problem [1] , and the minimized greatest radius associated with number of spheres N is denoted by R min (N). In various limits, the DLP problem encompasses both the kissing number and (infinite) sphere packing problems [2] . The former is a special case of the DLP problem in that the kissing number K d , or number of identical d-dimensional nonoverlapping spheres that can simultaneously be in contact with (kiss) a central sphere, is equal to the greatest N for which R min (N) = 1, and the latter is equivalent to the DLP problem in the limit that N → ∞.
The DLP problem for 13 spheres in R 3 dates back to a debate between Newton and Gregory in 1694. Newton believed that only 12 identical spheres could simultaneously contact a central same-size sphere, while Gregory believed the correct number to be 13. The first rigorous proof that Newton was right came in 1953 [3] , followed by a more concise proof in 1956 [4] . However, the question remains: how close can 13 identical spheres come to a central same-size sphere -how good was Gregory's guess? In another paper [1] , we showed that for any d, the DLP optimal packings in R d with R min (N) ≤ τ , τ = (1 + √ 5)/2 ≈ 1.618 the golden ratio, include packings where all N sphere centers lie on a spherical surface of radius R min (N). The smallest radius spherical surface onto which the centers of 13 spheres of unit diameter can be placed is strongly conjectured to be R = R min (13) = 1.045573 . . . , with the centers arranged in a structure first documented in [5] . It appears that though Gregory was incorrect in conjecturing K 3 to be 13, his guess wasn't particularly far-off.
For each N in the DLP problem in R d , there is a single optimal R min (N), though generally for a given N there can be multiple distinct packings that achieve this radius. In the predecessor to this paper [6] , hereafter referred to as paper I, we studied the optimal packings and corresponding R min (N) for the DLP problem in R 2 for N = 1 to N = 109 and for N corresponding to full shells of the triangular lattice from N = 120 to N = 348. We also discussed the general concepts and applications associated with DLP optimal packings for arbitrary N and d.
In paper I, we reported that a majority of the DLP optimal packings in R 2 contain rattlers, or spheres (disks) that can be displaced in at least one direction without increasing R min (N) or displacing any other sphere (disk) in the packing. Further, we found that many optimal packings contain cavities at their centers in which the central disk, were it not fixed, could move freely (as a rattler, or object in a packing that can be displaced without displacing any other objects or the packing boundary). The optimal packings in R 2 also exhibit a wide range of rotational symmetries, particularly for smaller N, and packings of N spheres from certain classes such as the curved [7] and wedge hexagonal packings were found to be optimal at various N. We additionally observed that as N grows large, disks in the bulk (as opposed to on the surface) of DLP optimal packings are largely arranged as subsets of the densest infinite packing in R 2 , i.e., with centers on the sites of the triangular lattice, whereas disks farthest from the central sphere (centers at distance R min (N)) tend to form circular rings.
The DLP problem is related to problems of finding arrangements of N + 1 points This finding could have implications for nucleation theory, as is discussed in more detail in Secs. IV and VI.
The DLP problem is relevant to the realizability of functions that are candidates to be the pair correlation function of a packing of identical spheres. For a statistically homogeneous and isotropic packing, the pair correlation function is denoted by g 2 (r); it is proportional to the probability density of finding a separation r between any two sphere centers and normalized such that it takes the value of unity when no spatial correlations between centers are present. Specifically, no function can be the pair correlation function of a point process (where a packing of spheres of unit diameter is a point processes with a minimum pair separation distance of unity) unless it meets certain necessary, but generally not sufficient, conditions known as realizability conditions [8] [9] [10] . Two of these conditions that appear to be particularly strong for the realizability of sphere packings [11] are the nonnegativity of g 2 (r) and its corresponding structure factor S(k), where
with number density ρ andh(k) the d-dimensional Fourier transform of the total correlation
Knowledge of the maximal number of sphere centers that may fit within radius R from an additional fixed sphere's center, where that maximal number, denoted by Z max (R), is equal to the greatest N in the DLP problem for which R min (N) ≤ R, may be employed to construct a third realizability condition, called the Z max condition [1, [12] [13] [14] , on g 2 (r). This condition is written
where Z(R) is defined for a statistically homogeneous packing as the expected number of sphere centers within distance R from an arbitrary sphere center. The function Z(R) can be related to the pair correlation function g 2 (r), where for a packing of spheres with a pair correlation function g 2 (r) that is direction-dependent, g 2 (r) is the directional average of g 2 (r), by
In Eq. (3), ρ is the constant number density of sphere centers and s 1 (r) is the surface area of a sphere of radius r in R d ,
As was discussed in previous papers [1, 12] , the Z max realizability condition has been shown to encode information not included in the nonnegativity conditions on pair correlation functions and their corresponding structure factors alone.
The maximal infinite-volume packing fraction φ ∞ * of identical nonoverlapping spheres in R d can be bounded from above by employing knowledge of the optimal R min (N) in the DLP problem, where a packing fraction is the fraction of a given space covered by nonoverlapping objects. As was discussed in paper I, an upper bound is constructed by measuring the packing fraction φ(R+1/2) as the fraction of the volume of the encompassing sphere covered by the N + 1 spheres of unit diameter,
In the first equality in (5), R is the greatest radius from any of the N surrounding spheres' centers to the center of the central sphere, and in the second equality, the number density ρ is the fraction of a sphere of radius φ(R + 1/2) covered by the N + 1 spheres of unit diameter and Γ(x) is the standard gamma function.
For small numbers of spheres (N ≤ 1200) in low dimensions (d ≤ 10), an algorithm combining a nonlinear programming method with a stochastic search of configuration space can be employed on a personal computer to find putative solutions to the DLP problem.
The accuracy of the solutions found by such an algorithm is bounded only by a machine's precision, and in general higher accuracy only requires more computation time. Using such an algorithm, the details of which are described in paper I, we find and present putativelyoptimal DLP packings and their corresponding R min (N) in R 3 for N = 1 to N = 161
(accuracy of at least 10 −8 sphere diameters), and for selected values of N from N = 176
to N = 1054 (accuracy of at least 10 −6 sphere diameters). Images and coordinates for many of the optimal packings that we have found are located on our website [15] . Of the N ≥ 176 studied, some are randomly chosen and some correspond to the numbers of contacting spheres of unit diameter near and equal to the number in subsets of facecentered-cubic (FCC) and hexagonal-close-packed (HCP) packings with a given number of full coordination shells.
In R 3 as in R 2 , rigorous and repeated testing of the algorithm indicates that it is robust in finding DLP optimal packings. The identification of rotation and reflection symmetry, spatially precise to 10 −8 or better sphere diameters, in numerous DLP presumed-optimal packings in R 3 for N ≤ 114 supports this conclusion, as does our finding that the minimal R found for N = 56 to N = 58 and for N ≥ 60 are smaller than the (previously) best-known minimal radii [16] for the less-restrictive problem of finding the minimal radius (larger)
sphere into which N + 1 spheres of unit diameter may be packed. However, the algorithm is dependent upon initial conditions, and as the number N of spheres increases, an increasing number of trials have been necessary before we have found a packing and corresponding R min (N) that with a high degree of confidence we consider optimal. For this reason, due to computing time constraints, though we strongly conjecture that the vast majority of our packings are optimal for N ≤ 161, as many as 50% or more of packings for N ≥ 176 may not be strictly optimal (though we hereafter refer to them as optimal). For these packings, we will present evidence indicating that the smallest radius R found for each N > 161 is very near to the optimal R min (N), if not equal to it.
Over the range of N studied, DLP optimal packings in R 3 differ substantially in terms of symmetry, contact networks, and spatial positioning from the Barlow packings [17] , which we recall are the maximally dense infinite packings of identical nonoverlapping spheres in
In general, we find that optimal packings are dominated by the dense arrangement of spheres on their surface, i.e., those spheres with centers at precisely distance R min (N), where the arrangement of the spheres in the bulk (interior) is of secondary importance. Similarly in R 2 , DLP optimal packings differ substantially from packings of contacting disks arranged on the points of a triangular lattice, though in both dimensions at sufficiently large N, the spheres in the bulk of each optimal packing begin to always resemble, respectively, a subset of a corresponding maximally dense infinite packing in R 2 or R 3 .
In R 2 , the approximate N and corresponding R min (N) at which this change occurs may be identified visually by perusing the DLP optimal packings at various N. In R 3 however, it can be difficult to visually compare distinct packings. Consequently, we here introduce the concept of a similarity metric, defined as a metric designed to quantify the degree of similarity between one set of points and a reference set. As will be discussed in Sec. III, using such a metric allows quantitative comparisons of the relative degree of similarity between the radial spatial positions of spheres configured as DLP optimal packings and of spheres configured as subsets of a maximally dense infinite packing.
Our key results and findings are summarized in the following list:
• A novel realizability condition on candidate pair correlation functions g 2 (r) for sphere packings in R 3 is constructed from knowledge of the R min (N) (Sec. II).
• DLP optimal packings for almost every N exhibit the phenomenon of surfacemaximization, i.e., the number of spheres on the surface (with centers at precisely radius R min (N)) is either the maximal or nearly the maximal number that can be placed without overlap with centers on a spherical surface of radius R = R min (N) (Sec. III A). For two N (N = 77 and N = 93), the DLP optimal packings are termed "maracas" packings, as packings at these N have the maximal number of spheres on the surface, while all spheres not on the surface are rattlers (Sec. V E).
• DLP optimal packings for the N studied are almost always most similar to subsets of FCC Barlow packings, and for sufficiently large N, the bulk (as opposed to the surface) of optimal packings appear to always be structured similarly to a subset of a Barlow packing (Sec. III B).
• The set of N for which there are DLP optimal packings that include rattlers is unbounded, and the number of rattlers in a packing appears to grow at most as quickly as the surface area of the packing (Sec. III B).
• The 12−6 Lennard-Jones (LJ) energy of DLP optimal packings for some N are within a few percent of the minimal LJ energy for N + 1 points, but in general the spatial configurations of sphere centers in DLP optimal packings are completely different from the minimal-energy configurations of N + 1 points (Sec. IV).
• Many DLP optimal packings for N ≤ 114 exhibit elements of perfect rotational and/or reflection symmetry (Secs. V B and V C).
• Imperfect icosahedral symmetry is present in many DLP optimal packings, but perfect icosahedral symmetry is never present (Sec. V D).
II. REALIZABILITY AND BOUNDS
A function that is a candidate to be the pair correlation function g 2 (r) of a point process,
where a packing of spheres of unit diameter is a point process in which the minimum pair distance is unity, must be nonnegative for all r and correspondingly have a structure factor S(k) that is nonnegative for all k. It is also true that R Bar (N) cannot grow too much larger than R min (N); Appendix A discusses methods of bounding R min (N) in R 3 from below using the Barlow packings. We do not here explicitly construct a lower bound for R min (N) that, along with the upper bound in Fig. 2 , could be used to specify a range of feasible values for each optimal R min (N).
However, we can comment on the accuracy of the presumed-optimal R min (N) found by the algorithm for N ≥ 176 by comparing the differences between R Bar (N) and the putative The rigorous upper bound on φ ∞ * , proved in paper I, is
where the maximal local packing fractionφ * (N) of a packing of N nonoverlapping spheres of unit diameter around a same-size fixed central sphere is defined as the ratio of the volumes of the N + 1 spheres to the volume of a sphere of radius R min (N), or
Though φ ∞ * is known rigorously in R 3 , it is informative to calculate the bounds derived from the putative R min (N * ) over the range of N tested. As N increases, the bound becomes sharper (becoming exact as N → ∞), and calculations can give a sense of how quickly the bound approaches the known value of φ ∞ * . Figure 3 plots the upper bound calculated using relations (6) and (7) The upper bound in R 3 (inequality (6), Fig. 3 ) with maximal local packing fraction φ * (N) calculated from Eq. (7) converges to φ ∞ * more slowly, as a function of R min (N), than does the upper bound in R 2 [6] . This is intuitive. As the spheres in the bulk of each DLP optimal packing in both R 2 and R 3 at sufficiently large N appear to be packed as the infinite densest packing in their respective space R d (this observation is discussed in more detail in Sec. III B), it would be logical to predict thatφ * (N) in the bound (6) converges to φ ∞ * in dimension d roughly as the ratio of sphere surface area to volume, d/R. Up to a small corrective factor that is also dependent on dimension, this appears to be the case, as the Making these two approximations, which become exact in the limit N → ∞, the fraction of the volume of the spheres of unit diameter not enclosed by the sphere of radius R min (N)
to the volume of the sphere of radius R min (N) is 2/ √ 3 ≈ 1.155 times as large in R 3 as in
At any R min (N) for large enough N then, about 15.5% more volume is "added back in"
to the numerator ofφ * (N) in R 3 than in R 2 , meaning that the convergence fraction,
at given R min (N) in R 3 should be comparable to the same fraction φ c (N) at (
in R 2 . This is indeed the case, as is shown in Table I for two ranges of N. 
III. COMPARING DLP OPTIMAL PACKINGS TO OPTIMAL SPHERICAL CODES AND BARLOW PACKINGS
In the first part of the following section, we compare DLP optimal packings over the N studied to the densest packings of N nonoverlapping spheres of unit diameter with centers on a spherical surface of radius R, where a configuration of N sphere centers with minimal
min is sometimes called an optimal spherical code. In the second part of the section, we compare DLP optimal packings to subsets of the densest infinite-volume packings of identical nonoverlapping spheres in R 3 , the Barlow packings.
A. Spherical codes and DLP optimal packings
The spatial configurations of spheres in DLP optimal packings can be said to be influenced by several empirical rules, but over the range of N studied, they are dominated by only one.
The dominant rule is maximization of the number of spheres on the surface of the packing,
i.e., the spheres with centers at precisely distance R min (N) from the center of the central sphere. In the vast majority of DLP optimal packings over the range of N studied, this number N out is either the largest or nearly the largest number of spheres whose centers can be placed on a spherical surface of radius R min (N) The greatest fraction, number of spheres with centers at distance R over the maximal number that can be packed with centers on a spherical surface of radius R, as compared for all DLP optimal packings at a given N for the N studied from N = 13 to N = 216 and for subsets of N + 1 spheres in any Barlow packing with full coordination shells and the outermost shell at distance R Bar (N ). In the figure, a black "X" represents the comparison for DLP optimal packings and a red "*" the comparison for subsets of Barlow packings.
The quantity
) is a measure of the degree to which the surface of a DLP optimal packing is "saturated", where a saturated surface of spheres in R d is defined as any packing of the maximal number Z (N) ). These observations indicate that for the N studied, the densest local packings always include packings with a maximal or near-maximal number of spheres on their surface. Nevertheless, there are also two intervals depicted in Fig. 4 where N) ) is relatively lower; these intervals coincide with the existence at or near those N of particularly dense DLP optimal packings without saturated surfaces. In these intervals, the bulk of the packing is of more relevance, and the benefits of maximizing the number of spheres on the surface are relatively less advantageous to achieving a densest local packing.
Though the surface-maximization rule is dominant in general, only for N = 77 does
The N = 77 DLP optimal packings are therefore the only packings where the precise positions of the spheres not on the surface are of no consequence.
That is, of N = 77 spheres, all 18 not on the surface are rattlers, which is also true for all 24
spheres not on the surface in the N = 93 DLP optimal packings. Indeed as N grows large, we have found that the bulk (interior) of each DLP optimal packing begins to resemble a finite subset of one of the Barlow packings, just as in R 2 the bulk of each optimal packing begins to resemble a finite subset of spheres configured with centers on the sites of the triangular lattice.
B. Barlow and DLP optimal packings
As discussed in paper I for large N in R 2 , DLP optimal packings can be divided into three regions; the spheres in the bulk that resemble the triangular lattice, the spheres farthest from the center that tend to be configured in circular rings, and those in between the bulk and the surface, which form a sort of "grain boundary." This also appears to be the case in R The division of DLP optimal packings at sufficiently large N into three regions is important from the perspective of counting rattlers. For the five N studied where the bulk of the optimal packings closely resemble subsets of Barlow packings, rattlers are present only in the "grain boundary" and surface regions. This suggests that for sufficiently large N, the rattlers in DLP optimal packings are restricted to only these two regions. Consequently, as these regions grow in volume more slowly than the volume of the packing, the ratio of the number of rattlers to the total number of spheres in DLP optimal packings must tend to zero at N → ∞. Further, if the grain boundary region for large enough N does not increase in radial extent with increasing N, then the number of rattlers can grow at most in proportion to the surface area of optimal packings. This latter condition appears to be the case for the N studied in both R 2 [6] and R 3 .
In R 2 , the extent to which the bulk of a DLP optimal packing resembles a packing of contacting disks with centers on the sites of the triangular lattice can be determined visually by perusing an image of the packing. In R 3 however, visual identification is more difficult.
To compare the relative extent to which the bulk of DLP optimal packings in R 3 resemble subsets of the Barlow packings, we here introduce the concept of a similarity metric, defined as a metric designed to quantify the degree of similarity between one set of points and a reference set. any Barlow packing such that all N + 1 spheres with centers less than or equal to maximal sphere-distance R from the center of a central sphere are included in the set.
As rigid rotations of DLP optimal packings about the center of the central sphere do not affect packing optimality, we employ a similarity metric that compares only the radial positions of the spheres in an optimal packing to the reference sets. To make this comparison for a DLP optimal packing and a packing from the reference sets at a given N, which we recall are the Barlow packing subsets B N , R d is divided fully into a set {δ i } of nonoverlapping spherical shells centered on the center of the reference set's central sphere. Each shell contains within it a number n ref i
of points (sphere centers) from the reference set and a number n i of sphere centers from the set to be compared. The metric can be written,
where the sum runs over all shells containing at least one point from either set. placement, sufficiently near to the surface, of spheres as subsets of Barlow packings. The range of R min (N) in R 3 over which this disruption is prevalent throughout the entirety of optimal packings is consistent with the same range of R min (N) for DLP optimal packings in R 2 , where we compare, as in Table I , values of ( We have verified for the N studied that the DLP optimal packings also consist of shells (of small radial width) containing sphere centers clustered around a relatively low number of radial distances from the center of the central sphere. This is the reason that the highest similarity metric value for all DLP optimal packings chosen from the reference sets in a given B N is almost always, for the N studied, associated with the packings that are subsets of an FCC packing: FCC and DLP optimal packings have small numbers of shells.
This characteristic of DLP optimal packings is related to the phenomenon of surfacemaximization. The high density of spheres on the surface, due to nonoverlap, requires that the radial separation between the surface spheres and contacting spheres with centers at r < R min (N) be, in general, relatively larger than if the surface contained fewer spheres.
Coupled with density-maximization, the rule of surface-maximization drives the spheres for regions of icosahedral symmetry. The dense, perfectly icosahedrally symmetric packings to which these DLP optimal packings are similar will be discussed in more detail in Sec. V D.
It is very interesting to note that an FCC arrangement of identical nonoverlapping spheres, in the limit as infinite volume packing fraction φ ∞ → φ ∞ * = π/ √ 18, is both the Barlow packing with highest symmetry (cubic) and lowest free energy [24] . Our results state that the densest local packings are most frequently those that are most similar to the maximally dense infinite packing with highest symmetry and lowest free energy even when other packings in B N are more locally dense than the FCC-derived packing, i.e., have smaller R Bar (N). As the correspondence in similarity is essentially due to the arrangement of spheres in DLP optimal packings in a relatively small number of shells, this suggests that there is a connection between high symmetry, lowest free energy, and arrangement in a small number of shells in the densest local packings, just as there is between high symmetry, lowest free energy, and arrangement in a small number of shells in the densest infinite packings.
IV. MINIMAL ENERGY AND DLP PROBLEMS
There have been a number of investigations [25] [26] [27] [28] [29] [30] into finding arrangements of points that minimize the 12−6 Lennard-Jones potential, a potential possessing features of long-range attraction and strong short range repulsion between pairs of points. The Lennard-Jones potential energy for N + 1 points can be written, In Fig. 7 , there are three N, N = 42, 114, and 134, where the V LJ for the DLP optimal packings and optimal configurations of N + 1 points with Lennard-Jones potential (10) are particularly close [31] . The proximity of the V LJ at these N can be attributed to the symmetry of the DLP optimal packings. It is known [26, 28] that minimal-energy configurations of points with Lennard-Jones potential tend to favor icosahedral symmetry, either in part of the configuration or in its entirety. The N = 42 and N = 134 DLP optimal packings are also roughly icosahedrally symmetric, and though the N = 114 DLP optimal packing exhibits perfect three-fold rotational (chiral) symmetry, its first and last shells are roughly icosahedrally symmetric.
Another minimal-energy problem involves finding the minimal-energy (optimal) spatial configurations of N +1 identical nonoverlapping spheres where potential energy V sm is defined in terms of the second moment about the centroid of the N + 1 sphere centers,
with C ≡ (N +1)
i=i r i the centroid [32] . Comparing DLP and minimal second moment optimal packings up to N = 32, the largest N for which minimal second moment optimal packings are available, we find that only for N = 1 to N = 4 do sets of optimal packings overlap, and as with the Lennard-Jones problem, in general they are completely different.
The wide variance in optimal configurations at the same number of spheres (points) across minimal-energy problems has implications for nucleation theory. Comparing these three problems, we see that the functional form of the potential energy has a substantial effect on the spatial arrangement of optimal configurations, despite that the potentials in all three problems are isotropic with long-range attractions and strong short-range repulsions. This suggests that the sizes and shapes of critical nuclei in classical overcompressed liquids (where dynamics are generally dominated by strong short-range repulsion) may depend heavily on the precise functional form of the pair potential acting between particles. The potential effects of the structures of dense nuclei on the probability of freezing in overcompressed liquids will be discussed in further detail in Sec. VI.
V. DLP OPTIMAL PACKINGS IN THREE DIMENSIONS
Despite that the DLP optimal packings are almost always most similar, from among the packings in B N , to a subset of an FCC Barlow packing or one of its variants indistinguishable to the similarity metric, all optimal packings with N ≥ 13 are significantly more locally dense than any subset of a Barlow packing including N + 1 spheres. In general, over the range of N studied in R 3 , we find wide variation in the symmetries, contact networks, and other characteristics of DLP optimal packings, just as in R 2 .
For the majority of N, there are an uncountably infinite number (a continuum) of DLP optimal packings with optimal radius R min (N), with the continuum attributable to the presence of rattlers. A rattler in a packing of spheres in R d is a sphere that is positioned such that it may be individually moved in at least one direction without resulting overlap of any other sphere within the packing or the packing boundary (in this case, the encompassing sphere of radius R min (N) + 1/2), i.e., a rattler is a sphere that is not locally jammed [33, 34] .
Over the 184 DLP optimal packings studied between N = 34 and N = 1054, not including the central sphere, 170 contain rattlers, with every packing for N > 114 containing at least one rattler.
In the following figures (Figs. 8-18 ), only the backbones, or the packings with the rattlers removed, are depicted, unless otherwise specified. Additionally, each DLP packing is divided into shells, where a shell in a DLP optimal packing is defined as all spheres with centers an equal distance R from the center of the central sphere. Each shell can be visualized in the plane by employing a mapping to project points on a spherical surface in R 3 (a shell) to a disk of radius π in R 2 . Considering a point in R 3 in spherical coordinates and a point in R 2 in polar coordinates, the mapping leaves the azimuthal angle unchanged while the angle of inclination in R 3 becomes the radius in R 2 . The zenith direction from which the angle of inclination is measured is generally selected to preserve angular symmetry. In Figs. 8-18 , points of distance unity (contacting spheres) in R 3 are joined by lines. This configuration of spheres was first documented in [5] , where the authors conjectured that it was the densest packing of 13 nonoverlapping spheres of unit diameter with centers restricted to a spherical surface of radius R. According to the principle (proved in Ref. [1] )
, we conjecture that it is also the densest packing, without restriction, of 13 spheres around a fixed central sphere.
Unlike in R 2 , we know of no rigorous proofs indicating for
what are the smallest radii R, equal to R min (N), onto which the centers of N identical nonoverlapping spheres of unit diameter may be placed. However, we have found that the putative R min (N)
found by the algorithm for 13 ≤ N ≤ 33 are equal to the strongly conjectured values for R S min (N) presented in [21] . This provides further evidence that these smallest-known R S min (N) = R min (N) are optimal.
B. Particularly dense, symmetric optimal packings
For four values of N, N = 60, 62, 84 and 114, a highly symmetric arrangement of spheres yields a packing that is significantly more locally dense than DLP optimal packings of nearby N. The relatively high densities of these packings appears in Fig. 1 as upturns above the linear trend and in Fig. 2 as downturns below the one-third power (in N) trend. All N surrounding spheres in each of these four packings are locally jammed, though in two of the four cases, the central sphere is not in contact with any of its nearest neighbors. −4 sphere diameters from one another, and together they form a cavity within which the central sphere, were it not fixed, could move. This effect also occurs with disks in R 2 , as is discussed in paper I [35] . More detail on this topic is presented in Sec. V F. Figure 12 is an image of shells one and ten.
C. Other optimal packings with high symmetry
Over the N studied, a large number of DLP optimal packings were found, aside from those discussed in Sec. V B, that exhibit perfect symmetry. A representative selection of these packings is presented in this section. packing is a particularly good example of the complicated structures resulting from manybodied interactions in DLP optimal packings, in that it is not symmetric as a whole (point group C 1 ) but contains shells exhibiting perfect symmetry that does not appear related to the geometry of a spherical surface. It is also interesting to note that the eighth shell of the N = 50 DLP optimal packing is the only example for N ≥ 34 in R 3 of an achiral last shell, i.e., it is the only last shell exhibiting a plane of reflection symmetry. 
D. Imperfect icosahedral symmetry in DLP optimal packings
Perhaps equally as interesting as the DLP optimal packings in R 3 that are perfectly symmetric are those packings that exhibit only rough or imperfect symmetry. For example, no single shell in a DLP optimal packing over the N studied exhibits perfect five-fold rotational or higher symmetry; in particular, no shell exhibits perfect icosahedral symmetry. This is not the case in R 2 , where there are three DLP optimal packings (for N = 10, N = 15 and N = 25) with perfect five-fold rotational symmetry, and a large number with perfect six-fold rotational symmetry.
In R 2 , the kissing number K 2 = 6, and there is only one way (up to rotations) to arrange six identical disks in contact with a same-size central disk: each of the six must contact two of the remaining five, such that the arrangement enclosed in an encompassing disk is jammed.
It is therefore not particularly surprising that six-fold rotational symmetry is common in DLP optimal packings in R 2 . In R 3 , the kissing number K 3 = 12, but there is an infinite number of ways to arrange 12 identical spheres in contact with a same-size central sphere.
The differences between configurations of K d spheres in contact with the central sphere in dimensions two and three can serve as an explanation for why perfect icosahedral symmetry is not found, over the N studied, in the DLP optimal packings in R 3 . In Imperfect icosahedral symmetry is present in many DLP optimal packings at radial dis- icosahedrally symmetric packing.
E. Maracas packings
In a spherical region, the most area available to place the centers of nonoverlapping spheres is on the surface. Consequently, is is perhaps expected that DLP optimal packings would contain saturated or nearly saturated surfaces. However, it is surprising that the salient features of certain DLP optimal packings are entirely determined by the distribution of the spheres with centers at precisely radius R min (N).
The DLP optimal packings for N = 77 and N = 93 are termed "maracas" packings; they are perfect examples of the phenomenon of surface-maximization, and exhibit some of the lowest values of the greatest S compared, respectively, to the packings in the sets B 77 and B 93 . The maracas packings each consist of a few unjammed spheres free to rattle within a "husk" composed of the maximal number of spheres that can be packed with centers at Z max (R) that is an upper bound (2) on the expected number of sphere centers Z(R) within distance R from any given sphere center, which can be related to a packing's pair correlation function g 2 (r) in R 3 by (3). This upper bound is a realizability condition on a candidate pair correlation function g 2 (r) for a packing of spheres, similar to the nonnegativity conditions on g 2 (r) and its corresponding structure factor S(k).
The function Z max (R) is also a significantly more restrictive upper bound on candidate cross-correlation functions for a packing of a special central sphere and its surrounding spheres, say, a single spherical solute molecule that attracts same-size spherical solvent molecules. The critical distinction between a cross-correlation function for a single sphere and a system-wide pair correlation function g 2 (r) is that g 2 (r) is an expected value or average over all identical spheres in a packing, whereas a cross-correlation function for a single sphere applies locally, just as the function Z max (R) is derived locally.
Considering, for example, the spheres forming the cavity wall in DLP optimal packings in R 3 with cavities around the central sphere, it is clear that not every sphere in a packing can have the maximal number Z max (R) of sphere centers within distance R from its center (except for R such that Z max (R) = 12, where the Barlow packings realize this criterion).
However, as any single (solute) sphere can have the maximal number of (solvent) sphere centers within distance R from its center, a Z(R) defined in terms of a cross-correlation function of a single central sphere can be equal to Z max (R) at any R. Otherwise expressed, for g yz 2 (r) any realizable cross-correlation function between nonoverlapping spherical solute molecules of unit diameter (of type y) in the dilute limit and same-size spherical solvent molecules (of type z),
where the notation sup{ . . . } indicates the mathematical supremum. The function Z max (R)
is thus a significantly more restrictive upper bound for candidate cross-correlation functions of a single solute sphere amongst same-size solvent spheres than for candidate pair correlation functions of packings of indistinguishable spheres. Differences in characteristics across dimension are also driven by the existence of particularly locally dense dimensionally-unique packings. In R 2 , these include the wedge hexagonal packings described in paper I and the curved hexagonal packings [7] , the densest local packings for N = 3k(k + 1), k = 1, 2, . . . 6. In R 3 , they include the two perfectly icosahedrally symmetric packings for N = 42 and N = 134 (Table II) [14] . In dimension five, the densest known packings can be described, similarly to Barlow packings, as stackings of layers of the densest packings in R 4 . Consequently, we might expect to find DLP optimal packings in R d , d = 4, 8, and 24 similar to the curved hexagonal packings in R 2 , whereas we would not expect to find such optimal packings in R 5 .
These and other dimension-dependent dense packing characteristics could have an effect on the probability of freezing in a overcompressed liquid of hard spheres in R d . Recent work [37] [38] [39] [40] suggests that the phase transition from a overcompressed hard-sphere liquid in R 3 to a crystalline solid with sphere centers near to the sites of the spheres centers in a Barlow packing may be described as a two-stage process. In the first stage, small clusters of spheres form that are denser than either the liquid or crystalline solid states. In the second stage, the dense clusters grow in size and decrease in density while their bulk (interior)
transforms from the center outward into a crystalline solid state [39] . An analogy can be drawn between DLP optimal packings in R 3 for smaller N and the small clusters, in that both are locally denser than corresponding subsets of Barlow packings or crystalline solid states and in that neither are similar (both angularly and radially) to small subsets of Barlow packings. A similar analogy applies between DLP optimal packings for sufficiently large N and the larger clusters with crystalline solid interiors, in that both are very similar to Barlow packings in their bulk and not similar on and near their surfaces.
In general, the probability per unit time of freezing in hard-sphere liquids at comparable overcompression decreases with increasing dimension, at least for dimensions two through six [41] . However, with the previously described two-stage process in mind, consideration of the dimension-dependent characteristics of the densest local packings could lead to a further increase, beyond what might otherwise be predicted by the general trend, in estimates of the probability per unit time of freezing in R 2 as compared to in R 3 .
For example, unlike in R 3 , in R 2 there are several values of N > K 2 = 6, specifically, N = 12, 30 and 54, for which one of the densest local packings is a subset of the densest infinite packing, and therefore for which the equality in the upper bound (2) can hold. We might expect to see this occurring in R 4 , R 8 , or R 24 as well, but not in R 5 . The equivalence of densest local packings at certain N and subsets of the densest infinite packing in R 2 suggests that the first stage of the two-stage crystallization process, in which small clusters of spheres form that are denser than either the liquid or crystalline solid states, may be shortened in duration for hard-disk liquids in R 2 relative to hard-sphere liquids in R 3 . If this is the case, accounting for the equivalence of densest local packings and subsets of the densest infinite packings should result in an increase in the probability per unit time of freezing in R 2 and potentially R 4 , R 8 , and R 24 as compared to in R 3 and R 5 . For hard-sphere liquids at densities near the freezing point, in R 2 relative to in R 3 , the more pronounced "shoulder" [42] appearing in pair correlation functions between the first and second nearest-neighbor distances could be evidence indicating such a shortened first stage.
This example and the similarities between DLP optimal packings and the nuclei described in the two-stage description of crystallization suggest that there may be an explicit connec-tion between freezing in overcompressed hard-sphere liquids and DLP optimal packings. It would be interesting, in the context of a revised nucleation theory, to explore the relationship between nucleation and dense local clusters of spheres configured with centers near the sites of sphere centers in the densest local packings.
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S.T. thanks the Institute for Advanced Study for its hospitality during his stay there. Any set of N + 1 spheres in a given B N can be used as a reference set in the similarity metric (9). However, for N > 0, there are always multiple reference sets of N + 1 spheres that will produce the same {δ i } and consequently the same value of S for a given comparison set. For example, as the metric (9) is insensitive to the angular position of any sphere, for a furthest coordination shell that is not full, the same {δ i } is produced regardless of which of the spheres in the furthest shell is included in the packing used as a reference set.
When these and all other degeneracies are taken into account, we find that for B N in- An intuitive analysis of the determination of the shells {δ i } suggests that the presence of relatively fewer shells in a reference set can generally increase the value of S. An increase of this sort does occur when shells are of radial width large enough such that the number of sphere centers within each shell approaches the number density of the packing, i.e., when radial width is on the order of a sphere's diameter. However, this is not the case for the {δ i } derived from the sets in each B N . Indeed, direct analysis of the distribution of spheres within each individual shell δ i confirms that spheres in DLP optimal packings for a given N are in general radially configured in a relatively small number of shells. That is, the radial positions of the sphere centers in DLP optimal packings are clustered around a smaller number of distances from the center of the central sphere, relative to the number of coordination shells in the packings in B N , and the large fraction of DLP optimal packings that are most similar to FCC-derived packings is not the result of a design-flaw in the similarity metric (9) .
